The internal friction due to the shaft hysteresis or the shrink fitting release exerts a destabilizing effect on the overcritical rotor whirl, but may be counteracted by other external dissipative sources and/or by proper anisotropy of the support stiffness. The internal friction effect may be treated by either dry or viscous models, obtaining similar results in the hypothesis of small dissipation levels, provided that proper equivalence criteria are defined between the two approaches. The equivalence is here stated by imposing the same energy dissipation over a large number of shaft revolutions. Approximate closed-form autonomous solutions for a symmetric rotor arrangement subject to Coulombian non-linear friction are derived by an averaging approach of the Krylov-Bogoliubov type, in order to ascertain the result similarity between the two dissipative assumptions. Summing up, the viscous equivalent linear assumption appears conservative in general and may be accepted for a straightforward analysis of the overall rotor dynamics in the whole speed range.
INTRODUCTION
As well known, the internal friction may exert a destabilizing influence in the speed range above the first critical speed, whose consequences may be important if the hysteretic properties of the material are remarkable (e. g. carbon/epoxy [1] ). In despite of this, the unstable trend can be efficiently counterbalanced by other external dissipative sources. For example, suspending the journal boxes and letting them rub against dry friction surfaces on the frame, a strong damping action can be achieved, together with an excellent contrast to the critical flexural speeds [2] [3] [4] [5] .
The first approaches to this problem date from references [6] [7] [8] . Reference [9] reports a valuable stability analysis for a symmetric rotor on a hysteretic shaft, where the stability threshold is searched by the Routh-Hurwitz criterion. More recent analyses develop in-depth formulations, where the system asymmetry, the gyroscopic effects and the anisotropy of the supports are taken into consideration [10] [11] [12] [13] [14] . Other papers focus on the particular damping properties of the supports, for example hydrostatic bearings or optimized viscoelastic suspensions [15] [16] . Approaches in terms of finite elements are also widely present in literature, together with thorough treatises covering several aspects [17] [18] [19] [20] .
The present analysis firstly develops the preliminary results of reference [21] , addressing the conical whirling motions of an asymmetric unbalanced rotor-support assembly subject to different suspension stiffness and damping coefficients in the horizontal and vertical planes. The natural frequencies are traced on Campbell diagrams, the elliptical paths of the rotor and the bearings are calculated in the speed range and the stability of the steady motion is checked by the Routh-Hurwitz procedure in dependence on the gyro structure, on the support anisotropy and on the system asymmetry, showing how the hysteretic instability can be conveniently prevented by differentiating the suspension stiffness in two orthogonal inflexion planes. Wide-ranging numerical solutions indicate that the viscous linear hypothesis gives conservative instability thresholds in comparison with the Coulombian assumption when the equivalence is based on the same energy dissipation over a large number of shaft revolutions.
Then, the analysis addresses the symmetric arrangement more in detail, in order to capture helpful guidelines about the possible interchangeability between the viscous and dry models of the internal friction. Quite similar stability conditions are found for balanced rotors subject to viscous or dry dissipation. While the linear case may be faced by the Routh Hurwitz procedure, the non-linear one may be dealt with by numerical procedures, but the actual situation is better elucidated by perturbation approaches, e. g. of the Krylov-Bogoliubov type, which may give a valid quantitative indication on the stability thresholds throughout the whole speed range. Figure 1 shows the rotor-suspension system and may be used as a reference for the notation. The approach is similar to ref. [2] [3] [4] [5] 22] . The rotor is subject to a static unbalance, specified by the location of the mass centre C at some fixed eccentricity e from the intersection O 1 of the shaft axis with the rotor diametral plane, and to a dynamic unbalance, which may be schematized by two equal fictitious point masses m d , symmetric with respect to O 1 , lying on a meridian plane which does not contain C in general. The masses of the support are neglected. The torsional deformation between the rotor and the end sections is ignored, as the torsional motion is uncoupled with the bending motion within the linear approximation.
MATHEMATICAL MODEL
The frame Cxyz moves with C remaining parallel to the fixed frame Ox 0 y 0 z 0 , while the frame Cξηζ is obtainable by another auxiliary frame fixed to the rotor, through a backward rotation of the diametral axes ξ and η around ζ of an angle equal to the rotor rotation θ = ωt. Then, the reference Cξηζ does not partake in the main rotating motion with angular speed ω, but performs only the small rotations ϕ and ψ around the axes x and y due to the shaft deflection. Furthermore, the shaft is supposed horizontal and the gravitational field g is assumed directed towards −y 0 .
The differentiation with respect to the dimensionless angular time variable θ = ωt is indicated with primes, whence d(…)/dt = ω(…)', etc. Moreover, defining a reference shaft stiffness k 0 , taken for example from the fixed support case (k 0 = 48EI/l s 3 for two self-aligning bearings, or k 0 = 192EI/l s 3 for two cylindrical bearings, where EI is the flexural stiffness and l s the shaft length) and defining a reference critical speed ω c = m k 0 , the angular speed ratio Ω = ω /ω c may be introduced, together with the dimensionless stiffness ratios, Similarly to [2] [3] [4] [5] , the shaft is considered massless, elastic and hysteretic, and the internal dissipative force acting on the rotor is assumed opposite to the velocity v rel. 
. For viscous-like internal friction, the hysteresis force on the rotor is given by the product of the relative velocity and a hysteretic coefficient c h : F h = − c h v rel. . The correspondent forces on the two supports are given by
In the hypothesis of Coulomb friction, a different model must be applied: F h = − F h,dry v rel. /|v rel. |, where the coefficient F h,dry is the friction force level.
Considering the steady rotation of a perfectly balanced weighty rotor immersed horizontally in the gravity field, the shaft deflection plane is motionless and counterrotates with opposite angular speed with respect to the reference frame O 3 ξ 0 η 0 ζ 0 fixed to the shaft end sections. Therefore, point O 1 travels along a circular path in this reference frame and the hysteretic work done during one single revolution is given by the integral c h ( )
]dθ, where x j and y j are equilibrium values. Assuming that this work is proportional to the square of the path radius and independent of ω, it is easy verifiable that the product c h ω must be considered constant on varying ω, whence a constant hysteresis factor d h = 0.5c h ω/ k 0 may be introduced (see [23] ).
The presence of some unbalance induces a further rotating bending of the shaft around the equilibrium configuration, with the same angular speed ω, and, in case of isotropic stiffness and damping of the supports, i. e. for
, this motion is circularly polarized, does not imply any relative velocity with respect to the frame O 3 ξ 0 η 0 ζ 0 and is uninfluential on the overall friction work. In the case of suspension anisotropy on the contrary, the unbalanced trajectories are elliptical and thus, transforming the coordinates from the fixed frame to the rotating frame O 3 ξ 0 η 0 ζ 0 , the paths take double looped shapes and are covered by twice the shaft frequency, i. e. with the angular speed 2ω, because the radius vector is subject to increasing and decreasing phases twice during one full revolution of the rotating frame.
Following [23] , the two mentioned dissipative cycles must be dealt with separately and two different hysteresis coefficients c h must be defined, the one, c h1 , for the frequency ω and the other, c h2 , for the double frequency 2ω. As it is reasonable to assume that ωc h1 = 2ωc h2 = h [23] , where h is a hysteresis constant of the material, two hysteresis factors must be introduced, d h1 = 0.5 h / k 0 for the relative rotation of the equilibrium deflection plane and d h2 = 0.25 h / k 0 = d h1 /2 for the elliptical motions due to the unbalance. The hysteresis factor d h1 will be used for the equilibrium configuration, while d h2 will be used for the frequency response to the unbalance. When applying the small perturbation procedure to check the system stability, very small deviations of the perturbed trajectories from the steady paths will be assumed and the factor d hi will be kept unmodified. The use of the first or the second hysteresis factor in the stability analysis will depend on the prevalence of the gravity or the unbalance effect on the rotor response, Γ = mg/(ek 0 ) > 1 or Γ = mg/(ek 0 ) < 1.
If the internal dissipation is of the dry friction type, the work per cycle is
and a dry damping factor must be defined:
The equivalence between dry and viscous friction can be stated and checked on the basis of the same energy dissipation during a sufficiently large number of revolutions and the parameters d h,dry and d h can be thus correlated with each other.
Introduce the dimensionless displacement-rotation vectors X = {X 1 , X 2 , X 3 , X 4 } T and
where, using the subscripts 1, 3, 4 for the displacements of the rotor and the support and 2 for the rotor tilt around y and x, it was put X j = x j /e, Y j = y j /e, for j ≠ 2, and X 2 = ψl/e, Y 2 = −ϕl/e (the minus sign in the definition of Y 2 permits using the same stiffness matrix for both the bending planes, xz and yz). DV Proceedings of the 15 th Int. AMME Conference, 29-31 May, 2012 Scaling all forces and moments by k 0 e and k 0 el respectively, considering selfaligning bearings, introducing the dimensionless stiffness matrices K jz in the inflexion planes xz (j = x) and yz (j = y), 
where c = 1 or 2 for hinged-hinged or clamped-clamped shafts (c = 1 in the following), and the hysteretic matrices H i for i = 1 or 2 (frequency ω or 2ω)
the equations of motion can be written in the form 
RESULTS FOR THE GENERAL ASYMMETRIC CASE
The equilibrium configuration is obtainable rewriting Eqs. (3) 
this solution can be written in the form As X 1eq. and X 2eq. are positive for d h1 ≠ 0, while X 3eq. = X 4eq. = 0, the hysteresis appears to produce a constant bias of the inflexion plane, concordant with the angular speed, while the static support deflection occurs in the vertical plane.
Equations (4) show also that the static rotor displacement is small of order d h1 in the horizontal direction, whereas the changes of the vertical displacement due to hysteresis are of order d h1
The natural precession modes of the rotor-shaft system are obtainable ignoring the forcing and dissipative terms in Eqs. 
, where the dimensionless precession speed Ω n = ω n /ω c was introduced, the characteristic equation is a fourth degree algebraic 
The choice between the plus or minus sign for Ω n = 2 n Ω ± after solving Eq. (5) for
, may be done in view of getting equal signs for the amplitudes X 1,0 and Y 1,0 , whence the whirling motion of the rotor centre is a progressive or retrograde precession for Ω n > 0 or Ω n < 0. stiffness and the right ones to anisotropic stiffness. The continuous lines represent forward/backward whirl and refer to the motion of point O 1 , together with the other motions with the same whirl direction. When on the contrary the whirl direction of one support or of the rotor axis is counter-directed with respect to the rotor centre, a plot with small circles or crosses is reported, symmetric of course of another continuous branch. Only equal-directed whirling motions may develop for isotropic support stiffness, whereas some whirling directions may be opposite to the rotor centre, when the supports have quite different stiffness values on the two planes.
The response to unbalance can be detected replacing X = X c0 cosθ + X s0 sinθ, Y = Y c0 cosθ + Y s0 sinθ into Eqs. (3) and applying a harmonic balance procedure. A 16×16 algebraic system is obtained, whose solutions permits calculating the steady elliptical paths of the rotor and the supports. The principal half-diameters and their angles with the fixed reference frame are:
As an example, Figure 3a shows the equilibrium points and the steady elliptical trajectories of the rotor and the supports during a complete wobbling cycle, for a particular under-critical case. Figure 3b shows the path of point O 1 in the rotating reference O 3 ξ 0 η 0 ζ 0 , pointing out the double looped shape of the trajectory during one complete revolution.
The frequency response for the four whirling motions is also reported in Figs. 4 as an example. The figures show the major and minor radii of the elliptical paths and the angle φ of the major axis with respect to the horizontal plane. It is observable that the rotor trajectory tends to a circle with radius equal to the mass eccentricity e for Ω → ∞, similarly to the conventional Laval-Jeffcott behaviour: the centre of mass tends to its centred motionless position.
Stability of the Steady Motion
The motion stability can be inspected throughout the speed range by some perturbation approach, putting X = X steady + X , Y = Y steady + Ỹ , where the subscript … steady indicates the previous steady solutions and the tilde refers to the small perturbations. Then, the usual Routh-Hurwitz procedure can be applied to calculate the thresholds of stability, i. e. the levels of the external viscous damping needed to nullify the destabilizing effect of the internal hysteresis. This is done exploring the speed range carefully for several values of the geometrical and mechanical parameters of the rotor-shaft-support system and increasing the external viscous damping stepwise by a trial and error technique. The main features of the system behaviour are reported in the examples of Fig. 5 , where the damping factors d 1 and d 2 were chosen null and all the others were assumed equal (
Figure 5a reports the stability threshold d s in dependence on the geometrical location of the rotor along the shaft. In particular, it shows the effect of the stiffness anisotropy of the supports. It is interesting that the increase in the stiffness anisotropy improves the stability of the whirling motion mainly if the rotor is mounted at the mid-span of the shaft. Actually, no external viscous dissipation source is required for symmetric systems if the relative difference between horizontal and vertical stiffness is larger than a certain limit value. This result agrees with the ones of the following section and with reference [9] , but it is here clearly shown how the beneficial influence of the support anisotropy decreases on shifting the rotor towards the one or the other support, unless the suspension system is isotropic, in which case the worst stability conditions are just found in the symmetric configuration. Observe that, on increasing the difference K y − K x , the curves of Fig. 5a begin to show a sort of dip near L 3 ≅ 0.4, which becomes more and more pronounced until turning the curve towards the point L 3 = 0.5, d s = 0 for higher stiffness gaps (perfect stabilization). In this region however, the diagrams are quite steep, so that the best benefit of the suspension anisotropy appears confined in a rather narrow interval astraddle the mid-span, though it remains always favourable with respect to the pure isotropic case K y = K x also for moderate values of K y − K x . Thus, the results of previous studies (e. g. [9] ) are confirmed but appear strongly limited by an even small change of the rotor position in the neighbourhood of the shaft middle section.
Figure 5b shows similar plots, but focuses on the gyro structure, which is found to exert a slight but clear destabilizing effect and in fact, the case of a spherical ellipsoid of inertia of the rotor (J a = J d ) requires the lowest additional viscous damping to stabilize the rotor whirl.
The influence of the elastic dissymmetry between the front and back suspension is shown in Fig. 5c , whose diagrams may be prolonged for L 3 > 0.5 by mirror interchange of the two lower curves. These plots indicate the convenience of a more flexible suspension of the support closest to the rotor, particularly if the rotor is DV At last, the case of "infinite" vertical stiffness (journal boxes moving only horizontally) is compared in Fig. 5d with the isotropic stiffness case: the unidirectional support compliance appears here much more convenient with respect to the axial-isotropic case.
The stability control can be also carried out by numerical integration, starting from random initial values and using some proper routine, for example of the EulerCauchy or Runge-Kutta types, though this kind of approach is more wearisome. Nevertheless, this turns out to be a convenient procedure when modelling the internal dissipation by dry friction. Assuming such a friction model as the most appropriate for a particular system, the internal hysteretic force acting on the rotor has to be considered constant and opposite to the relative velocity with respect to the rotating frame shown in the detail of Fig. 1 , and has thus the two components F hx to be observed that the differential system (3a,b) is of the twelfth order, due to the neglect of the support masses, and when integrating numerically, the third and fourth equations of (3a) and (3b) must be solved in advance for the four derivatives, X' 3 , X' 4 , Y' 3 , Y' 4 at each step. This task can be fulfilled by simple inversion of submatrices in the viscous linear case, but must be carried out by some iterative procedure in the dry non-linear one.
The numerical integration of Eqs. the diagrams reported in the following figures 6, the dry coefficient d h,dry was updated at the end of each long period according to this equivalence criterion, until it reached a nearly invariable asymptotic value. Then, the numerical integration re-started using this asymptotic value. Figure 6a shows the transient path of point O 1 , in the viscous and dry assumption, for a stable under-critical case. As clearly observable, the two diagrams exhibit nearly the same evolution and tend to the same elliptical path. On the contrary, Figure 6b refers to an unstable over-critical case, but shows that the two trajectories are roughly similar. Moreover, checking several working conditions close to the stability threshold, it is observable that the threshold is reached for slightly higher levels of the external damping by the linear hysteretic model than by the Coulombian one. As a result, it appears that the viscous hysteretic hypothesis can be conveniently applied also in the case of uncertainty about the amount of Coulombian friction within the whole internal dissipation, giving quite conservative results. 
ANALYTICAL APPROACHES TO THE SYMMETRIC CASE
The effect of the stiffness anisotropy may be better elucidated by analysing a rotor mounted at the mid-span of a shaft on symmetric supports, In this case, the conical whirl is uncoupled with the cylindrical whirl and is independent of the hysteresis and stable. Actually, all the following approaches for the simpler symmetric case could also be extended and adapted to the general asymmetric case, but would just replace its original differential system with another one to be solved numerically all the same and would not yield straightforward analytical results.
(for j = x or y), the perturbed cylindrical motions included in Eqs. (3a) and (3b) may be described by the simpler differential system:
where the tildes have been omitted. 
This result is in perfect accordance with Fig. 5 
Small Perturbation Procedure
Putting U = X + iY, V = X − iY, multiplying Eqs. (8c) and (8d) by the imaginary unit i, summing and subtracting them from Eqs. (8a) and (8b) respectively, one gets
In the hypothesis that the dissipative factors d s and d hi are small, the characteristics roots of system (11) are very close to the natural frequencies Ω n . Therefore, putting 
where one has put s (−) = Ω n /Ω − 1 and s (+) = Ω n /Ω + 1. Cancelling the terms containing 2id hi , we get the characteristic equation for the natural frequencies: 
Since the quantity (s (−) + s
/Ω is always positive, Equations (13) and (14) clearly indicate that λ is real and positive and the motion is stable. (13) and Equation (14) does no longer hold true in a first approximation analysis, as other terms should be taken into account in the development of the determinant (12): the results from Eq. (14) are then valid only for relatively large anisotropy and reveal stability, in accordance with the previous approach. For (K x,tot. − K y,tot. )/2 of order d hi on the contrary, one can put (1), and Equation (13) 
and, as s
, Equation (15) gives
Equation (16) As the perturbed motions under examination are very close to the natural precession motions, it is also possible to opt for a slightly greater precision in the definition of the hysteretic effect and consider such motions affected by their own hysteretic coefficients c hn = h / |ω n − ω|, inversely proportional to the relative angular speed |ω n − ω| [23] . Therefore, recalling that c h1 = h /ω and d h1 = 0. As a consequence, Equation (16) 
2 > 0, the minus and plus signs referring to progressive and retrograde rotations respectively (U progressive and V retrograde for Ω n > 0). While the retrograde motions V are stable, the progressive ones U may happen to become unstable on increasing the angular speed, as s (−) becomes negative. Nonetheless, the condition of absolute stability (λ > 0 for ω → ∞) would still
It is also remarkable that all the above results are valid for both the hypotheses, that s (±) = Ω n /Ω ± 1, or else that s (±) = sgn(Ω n /Ω ± 1). Summing up, Equation (15) yields the interesting indication that the stabilizing effect of the stiffness anisotropy of the supports is associated in practice to a sort of coupling between progressive and retrograde precession motions (κ > 0), which coupling is absent in the isotropic systems (κ = 0).
Autonomous Case: Krylov-Bogoliubov Technique
A new original approach, which may be considered as an extension of the KrylovBogoliubov averaging method [24] to several degrees of freedom, can be also applied to the search for the stability threshold of weakly non-linear autonomous systems, i. e. of perfectly balanced rotors. As the calculation is quite laborious, it will be here synthesized, in order to just highlight the main results.
Summing Eqs. (8a) and (8b), summing Eqs. (8c) and (8d), using the damping factor d h1 as the rotor is balanced, indicating the small parameter d h1 with ε and applying the previous notation for the other quantities, one gets 
where it was put τ = ρθ + (α + β)/2 and µ = (β − α)/2 for brevity. Equations (18) and (19) indicate that the quantities A', α', a s , B', β' and b s are small of order ε, whence the amplitudes A(θ) and B(θ) and the phases α(θ) and β(θ) vary much more slowly than the argument ρθ. Moreover, neglecting the change of the slowly varying variables, the condition of equal dissipative work for dry and viscous friction reads DV Proceedings of the 15 th Int. AMME Conference, 29-31 May, 2012 where E(k) is the Legendre's complete normal elliptic integral of the second kind.
Replacing Eqs. (20) into Eqs. (18) (19) , using Eqs. (21) and (22), solving for A', B', α', β', and integrating with respect to the "quick" variable τ over a period 2π, the slow gradients A', α', B', β' turn out to be functions of the complete elliptic integrals of the first and second kinds, whose values may be found tabulated in several mathematical handbooks.
, where K(k) is the Legendre complete normal elliptic integral of the first kind, one gets (25), it is possible to get the stability condition Figure 7 shows the stability threshold in dependence on the shaft angular speed, for a fixed value of the anisotropy parameter of the suspension stiffness, and it is here to be remarked that negative threshold values indicate that there is no need of external dissipation sources (self-stabilizing rotor system). The plots of this first figure are monotonicly increasing with the angular speed and thus, Figure 8 was traced, showing the stability threshold in dependence on the suspension anisotropy for infinite rotor speed, whose limit value indeed ensures the rotor stability throughout the whole speed range. It is observable that the increase of the suspension stiffness anisotropy yields a significant improvement of the stability conditions and, for anisotropy levels larger than a certain value, the rotor system turns out to be self-stabilizing for any angular speed, similarly to Fig. 5 .
CONCLUSION
The present paper discusses on some procedures to counteract the destabilising effect of the shaft internal hysteresis in the supercritical regime of a rotating machine, by making use of external dissipative sources or by planning anisotropic support stiffness, differentiated in the horizontal and vertical planes. An equivalent coefficient of linear viscous damping, inversely proportional to the angular speed may be introduced for the calculation of the hysteretic friction force, which may be assumed proportional to the rotor centre velocity relative to a reference frame rotating with the shaft end sections. Otherwise, in the hypothesis of Coulombian internal friction, the internal force may be assumed constant and constantly in opposition to the relative velocity. The Routh-Hurwitz method may be applied to control the linear stability of the steady motion and the influence of several design characteristics of the rotor system on the stability may be analyzed, searching in particular for the viscous level needed for the stabilization in the whole speed range. The favourable effect of the support anisotropy is remarkable for symmetric rotors, but tends to become less efficacious when the rotor is mounted away from the mid-span. 
